Abstract. In this paper, we compute the exact rank of a non-trivial co-doubly commuting submodule of analytic reproducing kernel Hilbert modules over C[z 1 , .
where Q i are quotient modules of H i . Then our result states that
This immediately answers an open question in the special case where H i = H 2 (D) for all i ∈ {1, . . . , n} posed in [3] . As an immediate consequence we have the following observation: Let S be a co-doubly commuting submodule in H 2 (D n ). Then for m ≤ n, rank (S) = m, implies S = ΘH 2 (D n ) for some n−m variables inner function Θ ∈ H ∞ (D n−m ). In particular, for n = 2 and m = 1 it positively meets the observations made by R. G. Douglas and R. Yang in [7] .
Notation

N
Set of all natural numbers including 0. n Natural number n ≥ 2, unless specifically stated otherwise. N n {k = (k 1 , . . . , k n ) : k i ∈ N, i = 1, . . . , n}. C n Complex n-space. z (z 1 , . . . , z n ) ∈ C n . z Throughout this note all Hilbert spaces are over the complex field and separable. Also for a closed subspace S of a Hilbert space H, we denote by P S the orthogonal projection of H onto S.
Introduction and Preliminaries
This paper is concerned with the question of computing the rank of a tractable class of shift invariant subspaces in general reproducing kernel Hilbert space H. The rank of a bounded linear operator (or, of a commuting tuple of bounded linear operators) on a Hilbert space is an important numerical invariant. Very briefly, the rank of a bounded linear operator is the cardinality of a minimal generating set (see the definition below). One of the most important and challenging problems in operator theory is the existence of a finite generating set for a commuting tuple of operators. Alternatively, one may ask when the rank of a commuting tuple of operators is finite. This problem is known to be very hard to solve in general. Nevertheless, one has a better chance in the special case of the restriction (compression) of tuple of co-ordinate multiplication operators, M z := (M z 1 , . . . , M zn ), to a joint M z -invariant (co-invariant) subspace of a reproducing kernel Hilbert space H over a domain in C n . Let T := (T 1 , . . . , T n ) be an n-tuple of commuting bounded linear operators on a Hilbert space H, and let E be a non-empty subset of H. The T -generating hull of E is defined by
Then the rank of T [6] is the unique number
For a closed subspace S ⊆ H, the wandering subspace of S with respect to P S T | S is defined by
Then S is said to have the wandering subspace property with respect to P S T | S if and only if
A closed subspace S of H 2 (D n ), the Hardy space over the unit polydisc D n , is said to be shift invariant if M z i (S) ⊆ S for i = 1, 2, . . . , n, where M z i is the co-ordinate multiplication operator on H 2 (D n ). The rank of a shift invariant subspace S of H 2 (D n ) is the rank of the corresponding n-tuple of restricted co-ordinate shift operators, that is
Prominent examples of rank one operators are the co-ordinate multiplication operator tuple (M z 1 , . . . , M zn ) on the Hardy space, the (weighted) Bergman space over the unit ball and the polydisc in C n , n ≥ 1, and the Drury-Arveson space over the unit ball in C n . Moreover, a particular version of the celebrated invariant subspace theorem of Beurling says: A shift invariant (or, shift co-invariant) subspace of the one variable Hardy space is of rank one. This conclusions fail if we replace H 2 (D) by H 2 (D 2 ). Rudin [13] , pointed out that there exists a submodule S of H 2 (D 2 ) such that the rank of S is not finite (see also [10] , [16] and [17] ). Computation of ranks of shift invariant as well as shift co-invariant subspaces beyond the case of the one variable Hardy space is an extremely difficult problem, even if one considers only shift invariant (as well as co-invariant) subspaces of the Hardy space over the unit polydisc in C n , n > 1 (see however [4, 9, 10, 11, 19] ). In order to state the precise contribution of this paper, we need to introduce first some definitions.
A function K : D n × D n → C is said to be positive definite kernel (cf. [2] , [14] ) if
Given a positive definite kernel K on D n , the scalar-valued reproducing kernel Hilbert space H K is the Hilbert space completion of span{K(·, w) : w ∈ D n } corresponding to the inner product
The kernel function K has the reproducing property:
In particular, for each w ∈ D n the evaluation operator ev w :
We say that H K is the reproducing kernel Hilbert space over D n with respect to the kernel function K. We now assume that the function K is holomorphic in the first variable and anti-holomorphic in the second variable. Then H K is a Hilbert space of holomorphic functions on D n (cf. [14] ). Moreover, H K is said to be reproducing kernel Hilbert module over C[z] if 1 ∈ H K and the module multiplication operators {M z i } n i=1 are given by the multiplication by the coordinate functions, that is
be a collection of reproducing kernel Hilbert modules over D corresponding to the positive definite kernel functions
defines a positive definite kernel on D n (cf. [2] , [18] ). Furthermore, one can easily observe that 
In what follows we identify the Hilbert tensor product of Hilbert modules H K 1 ⊗ · · · ⊗ H Kn with the Hilbert module H K over C [z] . It also enables us to identify z
Let us recall the notion of a standard reproducing kernel Hilbert module and also analytic reproducing kernel Hilbert module (see [4] ) for our purpose. 
is a polynomial in two variables z and w for all i = 1, . . . , n.
We now recall the definitions of submodules and quotient modules of reproducing kernel Hilbert modules over C[z] to be used in this paper:
Let S and Q be a pair of closed subspaces of
The module multiplication operators on the submodule S and the quotient module Q of H K are given by restrictions (R z 1 , . . . , R zn ) and compressions (C z 1 , . . . , C zn ) of the module multiplication operators (M z 1 , . . . , M zn ) on H K :
and it is co-doubly commuting if the quotient module
The following useful characterization of co-doubly commuting submodules is essential for our study (see [4, 12, 15] ): If Q is a quotient module of an analytic reproducing kernel Hilbert module H K over C[z], then Q is a doubly commuting quotient module if and only if
where Q i is a quotient module of H K i for i = 1, . . . , n.
Now if we assume that all Q i are non-trivial quotient modules of H K i , that is, Q i = {0}, H K i for i = 1, . . . , n and H K /Q is a finitely generated submodule of H K with respect to M z . The main purpose of the present paper is to prove that (see Theorem 5.1)
This immediately answers a question posed in [3] in the case when
As a consequence of our main results we have the following observation: Let S be a co-doubly commuting submodule in
In particular, it gives a positive answer to the generalization of a question posed by R. G. Douglas and R. Yang in [7] for n = 2 and m = 1.
The paper is organized as follows: In Section 2, we discuss the additivity of rank under some suitable sufficient conditions. Section 3 is devoted to investigate the rank of tensor product of submodules. In Section 4, we provide a method to calculate the rank of co-doubly commuting submodules in more general reproducing kernel Hilbert space. In the last section, we give some applications of our main results which provides an affirmative answer of a question posed in [3] .
Additivity of rank in Hilbert spaces
In this section we show that with respect to certain conditions the rank of a finitely generated subspace of a Hilbert space can be exactly determined by the rank of its orthogonal components.
Let T = (T 1 , . . . , T n ) be a n-tuple of bounded operators on a Hilbert space H and let S be a closed subspace of H such that rank T (S) < ∞, that is, by definition,
Suppose, S can be orthogonaly decomposed into the sum S = S 1 ⊕ S 2 , such that,
With respect to these conditions we have the following lemma which extends the generating sets of S 1 and S 2 into a generating set of S.
Lemma 2.1. Let E 1 and E 2 be generating sets for S 1 and S 2 , respectively, with finitely many elements. Then E = E 1 ∪ E 2 is a generating set for S = S 1 ⊕ S 2 .
Proof. To begin the proof let us first compute the following product for 1 ≤ i, j ≤ n,
This completes the proof.
The next lemma characterizes the elements in the minimal generating set of S.
Lemma 2.2. Suppose S i has wandering subspace property with respect to P S i T | S i for i = 1, 2.
Then S also has the wandering subspace property with respect to P S T | S and the minimal generating set of S can not contain any element of the form u ⊕ v, where u ∈ W T (S 1 ) and v ∈ W T (S 2 ).
Proof. Now S i has wandering subspace property with respect to P S i T | S i for i = 1, 2, that is
First note that
and therefore,
which concludes that S has the wandering subspace property with respect to P S T | S . Therefore any element in the minimal generating set of S is either x, or y, or is of the form u ⊕ v, where {x, u} ⊆ W T (S 1 ) and {y, v} ⊆ W T (S 2 ). Let the minimal generating set of S contains an element of the form u ⊕ v that is, the generating set is of the form E ∪ {u ⊕ v} where
. Furthermore, note that span(E) can not contain both u and v simultaneously since it will then reduce the number of generators. Therefore, without loss of generality let us assume that u / ∈ E. Now,
u ∈ W T (S 1 ) and due to assumption (2.1). Therefore,
and so,
Combining (2.2) and (2.3) we conclude that span(u) ⊆ span E ∪ {u ⊕ v} .
But note that u / ∈ span(E) and therefore u = (a + λu) ⊕ (b + λv) for some λ = 0 where a ∈ span E ∩ W T (S 1 ) and, b ∈ span E ∩ W T (S 2 ) , which is a contradiction. The same argument will hold in the case when the minimal generating set of S contains more than one element of the form u ⊕ v. In other words the minimal generating set of S can not contain any element of the form u ⊕ v, where u ∈ W T (S 1 ) and v ∈ W T (S 2 ).
The next theorem tells us about the additivity of the rank.
Proof. Let {x 1 , . . . , x m } and {y 1 , . . . , y n } be generating sets of minimal cardinality for S 1 and S 2 , respectively. Then by the previous lemma E = {x 1 , . . . , x m , y 1 , . . . , y n } is a generating set for S = S 1 ⊕ S 2 . This implies rank (S) ≤ m + n. Now suppose rank (S) < m + n, which means that there exists a minimal generating set of t (< m + n) vectors say E ′ = {a 1 , . . . , a t } ⊂ S such that
Note that by the above lemma 2.2 the set E ′ can not contain elements of the form x⊕y, where x ∈ W T (S 1 ) and y ∈ W T (S 2 ). Therefore, there exists a partition of E ′ into subsets {b 1 , . . . , b j } and {c 1 , . . . , c t−j }, such that {b 1 , . . . , b j } ⊂ W T (S 1 ) ∩ E ′ and {c 1 , . . . , c t−j } ⊂ W T (S 2 ) ∩ E ′ . Since, t < m + n, either j < m or t − j < n. Without loss of generality let us assume j < m. Now,
which contradicts the assumption that rank T (S 1 ) = m. This completes the proof.
Rank of tensor product of submodules
Let T = (T 1 , . . . , T n ) be a tuple of bounded linear operator on a Hilbert space H such that H is finitely generated with respect to T , that is
where E is set of finitely many elements of H. Let S be a T -invariant subspace of H and let Q = H/S. We denote by
Therefore, we get the following proposition.
Proposition 3.1. Let S be a closed T -invariant subspace of a finitely generated Hilbert space H. Then rank (C Q ) ≤ rank (T ).
In particular, if H is a cyclic Hilbert space with respect to the tuple of operators T , then Q is also cyclic with respect to the operator C Q . The following observation is essential for subsequent results.
Let T = (T 1 , . . . , T n ) be a tuple of bounded linear operator on a Hilbert space H and S ⊆ H be a T -invariant subspace which is finitely generated, that is
where E is set of finitely many elements of H with minimal cardinality. The condition on the cardinality of E forces the elements in E to be linearly independent. Therefore, we can replace the set E with the subspace spanned by the elements of E which is again denoted by E. It follows that rank (S) = dim(E). This observation determines a lower bound for the rank of a submodule in terms of its wandering subspace (see [1] ).
Proposition 3.2. Let S be a closed T -invariant subspace of a Hilbert space H then dim(W T (S)) ≤ rank T (S).
If it is further assumed that rank T (S) < ∞, then dim(W T (S)) = rank T (S)
if and only if S has the wandering subspace property with respect to T | S .
Proof. Let N ⊆ S be a closed subspace. Then,
where
Therefore, if N is a generating subspace for S, then
that is, W T (S) ⊆ N and which implies that dim(W T (S)) ≤ dim(N ). If N is a generating subspace of minimal cardinality then, rank T (S) = dim(N ) and this proves that
Now, the assumption rank T (S) < ∞ implies that S is generated by a finite dimensional closed subspace N ⊆ S. Therefore, if dim(W T (S)) = rank T (S) then it follows that W T (S) = N that is, S is generated by W T (S). In other words, S has the wandering subspace property with respect to T | S . The other side follows easily from the observation that if S has the wandering subspace property, then W T (S) is a generating subspace of minimal cardinality. This gives us the following corollary. Corollary 3.3. Let S be a T -invariant cyclic subspace of a Hilbert space H, then S has wandering subspace property with respect to T | S .
The above proposition can also be extended to tensor products of submodules. Before going to discuss this let us observe the following:
Then S has the wandering subspace property with respect to T | S if and only if S i has the wandering subspace property with respect to T i | S i for all i ∈ {1, . . . , n}.
Proof. The proof of the sufficient part follows from the following observation that
To prove the necessary part let us assume without loss of generality that S 1 do not have the wandering subspace property with respect to T 1 , that is,
for any y i ∈ S i for i = 2. . . . , n, which is a contradiction to the assumption that S has the wandering subspace property with respect to T | S . This completes the proof of the necessary part.
In particular we have the following corollaries:
Corollary 3.5. Let S i be a T i -invariant subspace of a Hilbert space H i for i ∈ {1, . . . , n}. Then
if and only if S i has the wandering subspace property with respect to T i | S i for all i ∈ {1, . . . , n}.
Corollary 3.6. Let S k be a T k -invariant cyclic subspace of a Hilbert space H k for k ∈ {1, . . . , i − 1, i + 1, . . . n} and S i be a T i -invariant closed subspace of a Hilbert space
, if and only if S i has the wandering subspace property with respect to T i | S i for all i ∈ {1, . . . , n}.
Rank of Co-Doubly commuting submodules
The aim of this section is to construct a subspace of a co-doubly commuting submodule, such that the rank of the subspace can be exactly computed. The exact estimate of the rank will help us determine the rank of the co-doubly commuting submodule. To begin with the section, let us assume that H i = H K i be an analytic reproducing kernel Hilbert module corresponding to the kernel function K i for 1 ≤ i ≤ n.
Let S be a co-doubly commuting submodule of
where Q i is a quotient module of H i . For the sake of computation let us denote by
More precisely,
where,
and,
Therefore, by Lemma 2.5 from [14, 15] we get that
Our interest lies in a subspace E ⊆ S of the form
and our aim is to show that rank (
Let us define
and
that is,
Since, E 1 is a joint (M z 1 , . . . , M zn )-invariant subspace of S therefore, by Lemma 2.1 in [3] we get that,
It is clear that we have to use this method stepwise to obtain the desired subspace E. To make this process less cumbersome we shall first create the subspaces and finally check the invariance of the subspaces with respect to a general term. We shall create the subspaces in the following recursive manner:
where j ∈ {2, . . . , n − 1}. It follows from this recursive formula that:
It can be observed from the previous computation that the subspace K j signifies that E and K j has the same orthogonal sum of subspaces upto the j-th term for j ∈ {2, . . . , n − 2} and for j = n − 1 we obtain that K n−1 = E. More specifically,
is a closed subspace of the k-th orthogonal component of K j−1 . When i ≤ j − 2, the first j − 1 terms of P K j−1 will annihilate the orthogonal components of M z i (K j−1 ⊖ K j ) and hence,
When i > j the first j − 1 terms of K j−1 will annihilate the components of
Therefore, for j < i < n − 1,
For i = n − 1,
and for i = n,
The matrix representations of
⊖K j in all of the above cases clearly shows that
We summarize the above result as the following proposition: Proposition 4.1. Let H i be an analytic reproducing kernel Hilbert module for i = 1, . . . , n and S be a co-doubly commuting submodule of H 1 ⊗ . . . ⊗ H n that is,
where S i is a M z -invariant subspace of H i . Let E be a closed subspace of S defined by,
We will compute the rank of S using the above proposition and Theorem 1.2 Proposition 4.2. Let H i be an analytic reproducing kernel Hilbert module for i = 1, . . . , n and S be a co-doubly commuting submodule of H 1 ⊗ . . . ⊗ H n with finite rank, that is,
where S i is a M z -invariant subspace of H i . If each S i has the wandering subspace property with respect to M z , then
Proof. First let us observe that for any co-doubly commuting submodule 
for all k ∈ {1, . . . , n} and therefore,
Hence, by Proposition (4.1) and (4.2) we get that
rank (M z | S k ) .
Applications
In this section we will use results from the previous sections to compute the rank of codoubly commuting submodules for some specific reproducing kernel Hilbert modules. Let S = (Q 1 ⊗ . . . ⊗ Q n )
⊥ be a co-doubly commuting submodule of H 2 (D n ) where Q i ⊆ H 2 (D) and not equal to the zero subspace for i ∈ {1, . . . , n}. Then
where S i is a closed M z -invariant proper subspace of H 2 (D) for i ∈ {1, . . . , n}. By the Beurling-Lax-Halmos theorem rank(S i ) = 1 and since, H 2 (D) is a cyclic reproducing kernel Hilbert space, by proposition (3.1) we get that Q i is also cyclic with respect to the operator ⊥ be a co-doubly commuting submodule of H 2 (D n ). Then the rank of S is equal to the number of non-zero quotient modules Q i which are different from H 2 (D) .
As a consequence of the above theorem we have the following observation.
Corollary 5.2. Let S be a co-doubly commuting submodule of H 2 (D n ). Then rank (S) = m implies S = ΘH 2 (D n ) for some n-m variables inner function Θ ∈ H ∞ (D n−m ).
Proof. Let S be a co-doubly commuting submodule of H 2 (D n ) with rank (S) = m. Then there exist quotient modules Q i for i ∈ {1, . . . , n} such that (see [4, 12, 15] )
Since rank (S) = m, it follows from Theorem 5.1 that 
